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We investigate the effect of helical Majorana fermions at the surface of superconducting topological
insulators (STI) on the Josephson current by referring to possible pairing states of Cu-doped Bi2Se3.
The surface state in the present STI has a spin helicity because the directions of spin and momentum
are locked to each other. The Josephson current-phase relation in an STI/s-wave superconductor
junction shows robust sin(2ϕ) owing to mirror symmetry, where ϕ denotes the macroscopic phase
difference between the two superconductors. In contrast, the maximum Josephson current in an
STI/STI junction exhibits a nonmonotonic temperature dependence depending on the relative spin
helicity of the two surface states. Detecting these features qualifies as distinct experimental evidence
for the identification of the helical Majorana fermion in STIs.
PACS numbers: 74.45.+c, 73.20.At, 03.65.Vf
Introduction. The Josephson effect is one of the most
important quantum phenomena in superconductivity. As
a phase-sensitive probe of the superconducting state, the
Josephson effect has contributed to the identification of
unconventional superconductivity: It is well known that
a pi phase shift [1] can be used for Josephson junction
interferometers [2, 3], which established the d-wave sym-
metry of cuprates [2–4]. Furthermore, there have been
several theoretical studies on the anomalous features of
spin-triplet superconductor junctions [5–12]. In particu-
lar, an unusual current-phase relation [5–10, 13–17] or a
nonmonotonic temperature dependence of the maximum
Josephson current [10–12] leads to the manifestation of
unconventional pairing states [1, 18–21].
Recently, a new superconductor Cu-doped Bi2Se3 has
been discovered [22]. Since the undoped material, Bi2Se3,
is a topological insulator with gapless surface Dirac
fermions [23–25], this superconductor is dubbed as a su-
perconducting topological insulator (STI). The STI is one
of the candidates for topological superconductors, which
has Majorana fermions as gapless surface Andreev bound
states (ABSs) [24, 26–30]. Indeed, the presence of a zero-
bias conductance peak [20] in point-contact tunneling
spectroscopy experiments has suggested the topological
superconductivity in this material [31–35]. Recent scan-
ning tunneling spectroscopy experiments, however, show
a conflicting result indicating nontopological s-wave su-
perconductivity [36]. Also, the appearance of a zero-bias
conductance peak could be explained by nontopological
origins [37–40].
The Josephson effect resolves this controversy: Experi-
ments of current-phase relation of the Josephson junction
enables us to determine the parity of the pair potential. If
the parity of the pairing potential is odd (even), then the
topological (nontopological) phase is realized [29, 30, 41].
In addition, the temperature dependence of the Joseph-
son current at low temperatures can verify the existence
of gapless ABSs in the topological phase in a manner
similar to d-wave superconductor junctions [19, 20].
In this Rapid Communication, we calculate the Joseph-
son current of STIs for both topological and nontopo-
logical phases based on a microscopic Hamiltonian, tak-
ing into account the surface Dirac fermion specific to
them. The properties of the Josephson current J in the
nontopological phase are conventional, and the current-
phase (ϕ) relation becomes sinϕ. However, in the topo-
logical phase, we clarify that the first-order component,
sinϕ, vanishes. Then, J between an s-wave supercon-
ductor and the STI exhibits robust second-order behav-
ior: J ∝ sin 2ϕ. Furthermore, we find that gapless ABSs
in the topological phase cause a distinct temperature de-
pendence of the Josephson current between two STIs.
Detection of these features will establish the topological
superconductivity in STIs.
Microscopic calculation. In the following, we calculate
the Josephson current in an STI microscopically, using
the three-dimensional lattice model that takes into ac-
count proper STI electric structures. For the STI pairing
symmetry [41], there are four possible gap functions de-
rived from the crystal symmetry. Among them, we focus
on the two kinds of full gap functions, ∆1 and ∆2, that
belong to the A1g and A1u representations in the D3d
point group, respectively. These pairing symmetries are
consistent with specific heat measurements [42]. Both of
them are invariant under time reversal, but the parities
under the inversion are different: whereas the gap func-
tion ∆1 is an intra-orbital pairing and has even parity
under the inversion, ∆2 is an intra-orbital pairing and
has odd parity under the inversion. From these differ-
ences, only the latter (∆2) supports the topological su-
perconductivity accompanying Majorana fermions on its
surface [29, 30, 41].
An STI has a diagonal mirror plane (x, y, z) →
(−x, y, z) in its crystal structure. The gap function ∆1
(∆2) is even (odd) under mirror reflection. This mirror
symmetry is also important for its topological properties.
2For instance, the nontrivial mirror symmetry of ∆2 yields
a structural transition in the energy dispersion of Majo-
rana fermions, which enables us to explain the zero-bias
peak of the tunneling conductance observed experimen-
tally [43]. Below, we shall argue how the mirror symme-
try affects the Josephson current.
We consider various kinds of junctions, consisting of
(a) an s-wave superconductor, normal metal (N), and an
STI (s/STI); (b) a dyz-wave superconductor, N, and an
STI (dyz/STI); and (c) an STI, N, and an STI (STI/STI).
For (a) and (b), we consider both topological (∆2) and
nontopological (∆1) phases in the STI. In contrast, for
case (c), we only consider the topological phase. The
orientations of the superconductors at the junctions are
chosen as illustrated in Figs. 1 and 2.
We use the following model in a cubic lattice in the
calculation: we put s, dyz, or STI in the left region
(1 < z < NL), N in the center region (NL + 1 < z <
NL +NC), and STI in the right region (NL +NC + 1 <
z < NL+NC+NR). Performing a Fourier transformation
in the x and y directions effectively reduces the Hamilto-
nian in each region to a one-dimensional lattice model in
the z direction, H(k‖) =
∑
nz,n′z
c†nz,k‖hnz,n′z(k‖)cn′z,k‖+
1
2
∑
nz ,n′z
(c†nz ,k‖∆nz ,n′z(k‖)c
†
n′
z
,−k‖
+ H.c.), where k‖ =
(kx, ky) is the momentum in the x and y directions, and
cnz,k‖ is the annihilation operator of an electron at site
nz with k‖. Here, the spin and orbital indices of the
electron are implicit. For s and dyz, hnz,n′z(k‖) and
∆nz ,n′z(k‖) = iψnz,n′z(k‖)sy are given by
hnz,n′z = (2tx cos kx + 2ty cos ky − µ)δnz,n′zs0
+tz(δnz,n′z+1 + δnz+1,n′z )s0, (1)
ψnz,n′z =
{
∆sδnz,n′z , for s,
∆d sin ky(δnz+1,n′z − δnz,n′z+1)/i, for d,
(2)
where sµ = (1, s) is the Pauli matrix in spin space. For
N, hnz,n′z has the same form as Eq. (1), but the pairing
potential ∆nz,n′z is zero. For an STI, the electron has
additional orbital degrees of freedom σ = 1, 2, and hnz,n′z
and ∆nz ,n′z are given by
hnz,n′z = {[m0 + 2m1 + 4m2 − 2m2(cos kx + cos ky)]σx
+vσz(sy sinkx − sx sin ky)− µSTI}δnz,n′zs0
−m1σx(δnz+1,n′
z
+ δnz,n′
z
+1)s0
−ivzσy/2(δnz+1,n′z − δnz ,n′z+1)s0,
∆nz,n′z =
{
i∆STIσ0syδnz ,n′z ≡ ∆1, for nontop,
i∆STIσyszsyδnz,n′z ≡ ∆2, for top,
(3)
where σµ = (1,σ) is the Pauli matrix in orbital space.
Note that ∆2 hosts topological superconductivity, but ∆1
does not. We assume that N is smoothly connected to s
or dyz at the interface between them, and STI and N are
connected as
HN→STI =
∑
σs
tc†nz,k‖,scnz+1,k‖,s,σ +H.c.,
HSTI→N =
∑
σs
tc†nz,k‖,s,σcnz+1,k‖,s, +H.c., (4)
where cnz ,k‖,s (cnz,k‖,s,σ) is the annihilation operator of
the electron in N (STI), and s =↑, ↓ and σ = 1, 2 are
the spin and orbital indices. With these settings, the
Josephson current density is calculated as
J =
i
2N2‖
∑
k‖,s
〈c†nz,k‖,stzcnz+1,k‖,s〉+ c.c., (5)
where N2‖ is the number of unit cells in the xy plane, nz
is a site in N, and 〈· · · 〉 indicates the thermal average.
We adopt ∆A=s,d,STI = ∆0 tanh(1.74
√
Tc/T − 1) with
∆0 = 1.76Tc as the temperature dependence of the pair
potentials, which can be justified in the weak-coupling
limit [44, 45].
The current-phase relations obtained for s/STI and
dyz/STI junctions are summarized in Fig. 1. Here, the
vertical axis denotes eRNJ/
√
∆L∆R, where RN is the
zero-bias resistivity in the normal state and ∆L and ∆R
are the magnitudes of the pairing functions in the left and
right sides, respectively; i.e., ∆L = ∆s for s/STI junc-
tions, ∆L = ∆d for dyz/STI junctions, and ∆R = ∆STI.
First, we look at the case of s/STI junctions. As shown
in Fig. 1, when the STI is in the nontopological phase
(s/∆1), the corresponding Josephson current shows a
conventional sinusoidal dependence J(ϕ) ∼ sinϕ, where
ϕ is a macroscopic phase of ∆STI = |∆STI|eiϕ. How-
ever, when STI is in the topological phase (s/∆2), the
resulting Josephson current exhibits second-order behav-
ior. Therefore, the Josephson current behaves signifi-
cantly differently in the topological and nontopological
phases.
For dyz/STI junctions, both the nontopological
(dyz/∆1) and topological (dyz/∆2) junctions exhibit
second-order Josephson current behavior: J(ϕ) ∼ sin 2ϕ.
See Fig. 1. The magnitude of the Josephson currents
at these junctions is enhanced as the temperature de-
creases, owing to the existence of the flat band ABS of
dyz-wave superconductivity [19] at the interface of the
dyz/STI junctions [9, 10, 18, 20]. It is remarkable that
the magnitude of the Josephson current at the dyz/∆2
junction is larger than that at the dyz/∆1 junction. This
is because there exists a helical ABS owing to the topo-
logical superconductivity of ∆2, in addition to the flat
band ABS at the interface of the dyz-wave superconduc-
tor.
Symmetry-based argument. In the above, we found
that the topological junctions, s/∆2 and dyz/∆2, exhibit
robust sin 2ϕ Josephson current behavior. To understand
this, we present here a general argument based on the
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FIG. 1. Geometries of STI junctions (left) and the cor-
responding current-phase relations (right). s/STI junctions
in the nontopological (s/∆1) and topological (s/∆2) phases
and dyz/STI junctions in the nontopological (dyz/∆1) and
topological (dyz/∆2) phases are assumed. We assume thin
normal layers (black shaded region) at the center of the junc-
tions. The Josephson current flows along the z direction. We
use the following parameters taken from Ref. [46]: µ = −0.5,
tx = 0.1tz , ty = tz, t = 0.1tz, ∆STI = 0.1, ∆s = ∆d = 0.2,
m0 = −0.7, m1 = 0.5, m2 = 1.5, µSTI = 0.9, vz = 1, v = 1.5,
NC = 2, and T = 0. NL and NR take sufficiently large values
(∼40–80) to converge the calculation.
symmetry of the system. First, the Josephson current
is generally decomposed into a series of different orders
[20]:
J(ϕ) =
∑
n=1
(Jn sinnϕ+ In cosnϕ) , (6)
where Jn and In decrease as n increases. Under time
reversal, J(ϕ) goes to −J(−ϕ); thus in time-reversal-
symmetric junctions, J(ϕ) satisfies J(ϕ) = −J(−ϕ).
This implies that In = 0 and the leading term is J(ϕ) ∼
sinϕ.
If we take into account mirror symmetry, however, an
additional constraint is required for J(ϕ) [47]. At the
s/∆2 and dyz/∆2 junctions, the interface of the junc-
tions is prepared so that the mirror plane of the STI is
perpendicular to it. Under mirror reflection, x → −x,
the gap function ∆2 changes sign, whereas the s-wave
and dyz superconductors do not. Consequently, one ob-
tains an additional phase of pi in the Josephson current,
J(ϕ+pi), under mirror reflection. Therefore, mirror sym-
metry implies
J(ϕ) = J(ϕ+ pi). (7)
This equation yields J2n+1 = I2n+1 = 0 and the first-
order term J(ϕ) ∼ sinϕ vanishes. Consequently, the
leading term becomes the second-order term, J(ϕ) ∼
sin 2ϕ, at these junctions, which reproduces our results
qualitatively. Here, note that the pi periodicity of the
Josephson current in Eq. (7) is consistent with the effec-
tive Josephson coupling ∝ [(∆∗s)2∆22 +H.c.] discussed in
Ref. [41].
In a similar manner, the second-order behavior of the
dyz/∆1 junction can be explained by another mirror re-
flection of y → −y. Under this mirror reflection, the dyz
gap function reverses its sign, whereas ∆1 does not. Be-
cause this sign reversal gives rise to an additional phase
of pi and yields Eq. (7) again, the second-order behavior
is obtained.
Our argument above implies that the second-order be-
havior obtained here is robust as long as time-reversal
and mirror symmetries are preserved. In particular, it is
not lost even when spin-orbit scattering is present at the
junction. This is completely different from the second-
order behaviors observed for chiral p-wave superconduc-
tors. It has been known that chiral p-wave supercon-
ductors such as Sr2RuO4 are topological superconductors
supporting chiral Majorana edge states [48, 49], and the
current-phase relation between an s-wave superconduc-
tor and a chiral p-wave superconductor is proportional to
sin 2ϕ, if one neglects the spin-orbit interaction [50, 51].
However, because the chiral p-wave superconductor is not
odd under mirror reflection and it breaks time-reversal
invariance as well, the second-order behavior is fragile.
Actually, the first-order term cosϕ appears immediately
if one takes into account the spin-orbit interaction [51].
Because the mirror symmetry responsible for the
second-order behavior of the topological junction s/∆2
and dyz/∆2 is different from that of the nontopologi-
cal junction dyz/∆1, one can easily distinguish them by
breaking the mirror symmetries in different manners. In-
deed, if one breaks the mirror symmetry of x → −x
(y → −y) by applying magnetic fields in the y (x) direc-
tion, the second-order behavior of the topological (non-
topological) junction becomes obscure, whereas that of
the nontopological (topological) one is not.
Spin-helicity-dependent Josephson effect. Now, we
clarify the Josephson effect intrinsic to the helical Ma-
jorana fermions of the STI in the topological phase. As
mentioned above, the superconducting state ∆2 supports
helical Majorana fermions on its surface. The effective
Hamiltonian of the surface helical Majorana fermion at
the interface of the junctions (the xy plane) is repre-
sented as Hsurf(k‖) = vsurf(kxsy − kysx) near k‖ = 0,
which leads to a linear dispersion of the Majorana cone,
Esurf = ±vsurfk‖ with k‖ = |k‖|. The spin and the mo-
mentum are locked on the cone so that the Majorana
fermions have a definite eigenvalue hs of spin helicity
(k‖ × s)/k‖ at low energy. A unique characteristic of
Majorana fermions in ∆2 is that their spin helicity varies
depending on the chemical potential of the system. As
shown in Figs. 2(a) and 2(b), when the chemical poten-
tial µSTI increases, the spin helicity of the upper cone
4near k‖ = 0 changes from hs = − to hs = + at a critical
value µcSTI [43]. We also find that, when µSTI < µ
c
STI, the
energy dispersion of the Majorana fermion is not a simple
cone but a rather complicated caldera-shaped one. As a
result, in addition to the cone with hs = − near k‖ = 0,
there appears another branch with hs = + in the spec-
trum, as illustrated in Fig. 2(b). Referring to the spin
helicity of the upper cone near k‖ = 0, we denote the STI
with a simple cone and that with a complicated caldera-
shaped one as STI(+) and STI(−), respectively.
Now, let us study the spin-helicity dependence of
the Josephson current. For this purpose, we consider
the STI/STI junction illustrated in Fig. 2(c). By
tuning the chemical potentials in the left and right
STIs, we can change the spin helicity of the Majorana
cone in each STI. We calculate the Josephson current
at STI/STI junctions with three different combinations
of spin helicity: STI(+)/STI(+), STI(+)/STI(−), and
STI(−)/STI(−). At these junctions, the current-phase
relation of J(ϕ) is rather conventional; however, the
temperature dependence becomes anomalous. Figure
2(d) shows the temperature dependence of the maximum
Josephson current, maxϕ(J), for these junctions. We find
that, compared to junctions with the same spin helic-
ity, i.e., STI(+)/STI(+) and STI(−)/STI(−) junctions,
the Josephson current with the mismatched spin helicity
[STI(+)/STI(−) junction] is strongly suppressed. In par-
ticular, we find that the Josephson current at the latter
junction decreases at low temperature whereas that at
the former increases. Here, we note that the suppression
in the mismatched case occurs below T/TcSTI ∼ 0.07,
which exactly corresponds to the energy |E/∆| < 0.07
where the hs = − branch appears in STI(−) [see Fig.
2(b)]. This implies that the suppression of the Joseph-
son current occurs owing to the mismatch of the spin
helicity at the junction. We also find that the Joseph-
son current at STI(−)/STI(−) is much more enhanced
at low temperature than that at STI(+)/STI(+) because
a twisted energy spectrum of the caldera cone has many
low-lying states that contribute to the Josephson cur-
rent. We mention here that the spin-helicity dependence
of the Josephson current is different from that of two-
dimensional helical superconductors because the Joseph-
son current in two-dimensional helical superconductors is
always enhanced at low temperature, independent of the
spin helicity [52].
Discussion. The anomalous Josephson effects in the
topological phase reported in this Letter are accessible
experimentally. First, the vanishing of sinϕ and cosϕ
terms in the current-phase relation at s/∆2 and dyz/∆2
junctions is detectable by Shapiro steps at a bias voltage
of V = n~ω/(4e), where n is an integer and ω is the mi-
crowave frequency. DC SQUIDs with these junctions are
also sensitive to the second-order behavior sin 2ϕ of the
current-phase relation. Moreover, the anomalous tem-
perature dependence of STI/STI junctions is easily mea-
FIG. 2. Energy spectra and temperature dependencies of
Josephson current J(T ). (a) The positive energy part of the
surface state for µSTI = vz in the region of ky = 0 and kx > 0.
The inset shows the corresponding overall spectrum of the
hs = + branch of the surface state. (b) The positive en-
ergy part of the surface state for µSTI = 0.9vz in the region
of ky = 0 and kx > 0. The inset shows the corresponding
overall spectrum of the hs = − branch of the surface state,
which is discussed in Ref. [43]. (c) Geometry of an STI/STI
junction. (d) Temperature dependencies of Josephson cur-
rent J(T ) at STI/STI junctions. Here, the STI(+)/STI(+)
[STI(−)/STI(−)] junction is prepared by choosing the chem-
ical potential as µLSTI = µ
R
STI = vz (µ
L
STI = µ
R
STI = 0.9vz),
where µLSTI and µ
R
STI are the chemical potentials in the left
and right STIs, respectively. The spin-helicity-mismatched
case of the STI(+)/STI(−) junction is constructed by setting
µLSTI = vz and µ
R
STI = 0.9vz . The values of hopping between
N and the STI are chosen as t = 0.1tx.
surable in experiments. The anomalous temperature de-
pendence is of particular interest because it is a direct
experimental signal of the spin-locked nature of surface
helical Majorana fermions. The spin-helicity-dependent
Josephson current is direct experimental evidence of the
topological superconductivity of STIs.
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